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Matrix 2 x 2 product ...

We start from two matrices A, B € Mo
and we need the product:

Cu CIZ) <A11 A12> (Bn 512>
2x2 <C21 o Ax; Ax) \Ba Bx

Naive VS. Strassen

The naive algorithm requires 8 multiplications:

C— <A11511 + A12B21 Au1Bio + A12522>
A21B11 + A2nBo1 A2 Bio + AxnBo

thanks to Strassen, we can use only 7.
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Matrix 2 x 2 product and squaring

We start from one matrix A € Mby»
and we need the square of it:

2
(i1 (G2 Al A
22 <C21 C22> <A21 A22>

Naive VS. Strassen

The naive algorithm requires 8 multiplications:

C— (A11A11 + AppAr AnAp + A12A22>
Az1A11 + AnAor  A2iAr + AxnAx

thanks to Strassen, we can use only 7.
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Recall Strassen method

Strassen’s method trades one multiplication with many pre- and
post- linear combinations, it does not assume commutativity and it
can be used recursively.

((P1 = (A2 + Ax)Bu

P, = Au(Bi2 — Bx) Cii = Pr—Pi+ Ps+ Ps
Py = (An—An)Ba+B2) | o _ p . p
Py = (A1 + A12)B2 Co = Pi+Ps

Ps = Ax(B — Bi1)
Ps = (A2 — A11)(Bu1 + Br2)
( Pr = (A11+ Ax)(Bi1 + Bx»)

Co = Pr+P—P1+Ps
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Strassen-like 2 x 2 matrix multiplication algorithm

Number of operations, for the product of 2 X 2 matrices

Method additions multiplications
“Naive 4 8
Strassen’s 18 7
Winograd's 15 7

Winograd variant is optimal for 2 x 2 multiplication.

That's why research on 2 x 2 matrix product basically stopped
, the focus moved on bigger

matrices.
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The search for a new sequence

What about matrix squaring?

Squaring method additions multiplications squaring

Naive 4 6 2
Strassen’s 13 6 1
Winograd'’s 15 6 1

Winograd’s variant is not optimal for 2 x 2 squaring.

That's why we started the search for a new sequence.

The sequence was searched for 2 x 2 matrices in GF(2), as a
sequence of additions and multiplications only, then lifted to Z.
We can not use commutativity.

We are not trying to reduce the big-O complexity.
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The new sequence for C = AB

Symmetry! » look at Winograd's

S$51=A» + A1 T1=B + Bi»
A (All A12> S2=An—An ,_ (311 512) To=B — B
Ax1 Axn) | 53=5 + A By1 Bxn) | T3=T2+ B2
S54=53 — A1 T4=T3 — B1x
P, = 5T, U = P1—Ur
P; = $T3 U3 = U - P Cii C
P, = AnBu Cii = Pa+Ps ~»C= <C11 C12>
Ps = A1Bn G2 = Us—Fs 2l w22
Ps = S4Bi> C1 = U—-FP7
( P = Ay Cn = P2+ U
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What's new in the new sequence

The new sequence is:
@ equivalent to Winograd's variant for plain product;
@ symmetric;
@ optimal for squaring;

Squaring method additions multiplications squaring

Naive 4 6 2
Strassen’s 13 6 1
Winograd's 15 6 1
New sequence 11 3 4
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What's new in the new sequence

The new sequence is:
@ equivalent to Winograd's variant for plain product;
@ symmetric;
@ optimal for squaring;
e number of multiplications and squarings is minimal (7),
o number of multiplications not being squarings is minimal (3),

e because of symmetry pre-computations on the operand is
halved.

Squaring method additions multiplications squaring

Naive 4 6 2
Strassen’s 13 6 1
Winograd's 15 6 1
New sequence 11 3 + 4) =7
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The new sequence for C = A2

S$51=Axn + A
A <A11 A12> S$2=Axn — Axn
Ax Ax S53=5 + A2
54=53 — A1
(P1 = 5% Ui = P3+Ps
P, = 55 U = P1—U
P; = 5353 U3 = Ui—-P i C
Py, = AnAn Ci = Ps+Ps ~C= (Cll C12>
Ps = ApAxn Co = Us—Fs 2=
Pe = S4A12 C1 = U—F
P = AxS { G2 = P+ s
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The three products. ..

Thanks to symmetry, when dealing with the three products, we can
keep using a half the pre-computation on operands, and this is true
for any recursion level.

Ps = ApAxn
Pe = S4A12
P; = AxS
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Intermediate results
Chain product and power computation Operation collapsing
Intermediate representation

Reduce linear operations for chain products

When one needs to compute M3 or My M>Ms, one usually need
some intermediate results: M2M, (MyMo)Ms.
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Reduce linear operations for chain products

When one needs to compute M3 or My M>Ms, one usually need
some intermediate results: M2M, (MyMo)Ms.

(St~ Pr St P

S, o~ P S o~ P

S ~ P = ~ S ~ P

<M11 M12> Sj, - Pj My Mo gi . ﬁj
Mo Mz My~ Ps Mo Mo Mip ~ Ps
M12 B P6 M]Q ~ ﬁﬁ

Moy~ Pr ) My ~ P;
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Reduce linear operations for chain products

When one needs to compute M3 or My M>Ms, one usually need
some intermediate results: M2M, (MyMo)Ms.

(S1 ~ Pp S P

S, o~ P S o~ P

53 A2 P3 53 XA P3

(%M %12> S4 > Py Si o~ Py
21 2 My~ Ps /\7’11 ~ ;55
M12 B P6 M]Q ~ ﬁﬁ

( Moy~ P7 My, ~ Py

If we don't need the intermediate value, we should skip it.
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How to skip the unneeded values

The linear post- and pre- computation can collapse.

/\:/711=P4+P5
My =P3 — P> — Ps + Ps
Sy =P+ Py
S, =P, —Ps

:53 =§2+E412
Mo =5 -5,
LS4 =53 — My

Before we had 7 + 4 = 11 operations, now we have 9.
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Intermediate results
Chain product and power computation Operation collapsing
Intermediate representation

How to skip the unneeded values

The linear post- and pre- computation can collapse.

/\:/711 =Py + Ps
Mip=P3 — P, — Ps + P,
5212 _ Pz . Pj 6+ 75 Depending on products
S =PioPs
§3 = 52 + /\712
/\7]21 = §1 — §3 Depending on other values
( S4 =53 —Mn

Before we had 7 + 4 = 11 operations, now we have 9.
Moreover we can group operations ...
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How to save linear operations

with no more memory needs

Before we had an unneeded value

(S~ P ) St~ P

S, o~ P S22 o~ P

S P: ~ ~ S ~ P

My Mio 53 :: P3 My Mz 53 - 153
Mz My h * Mo Moy 24 i
Mll ~ P5 M11 s P5

M, ~ Ps My ~ Pg

Moy~ Pr ) My ~ P
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How to save linear operations

with no more memory needs

Before we had an unneeded value, now we have none.

;. ~ ~

(S ~ Py ) §1 R Bl

S5 o~ P S22 o~ P

M1 My ? - Z3 My Mo 3 v B
(le Mzz) “oo e S S S4By
My~ Ps Mi1 ~~ Ps

Mo ~ Ps M ~ Ps

Moy Py My ~ P

We save 2 operations by replacing the sequences.
Because of symmetry of the method we do not care of
computation order: (MyMy)Ms or My (Mo Ms).
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Intermediate and standard representation are linked

The intermediate representation is obtained from the standard one
with a simple linear function.

” < <A11 A12> ) _ < A11 A1 )
Ay Ax Axp — A1 Ax+ A

Pyl < <A11 A12> ) _ < A1l A1 >
S 5 (S1—A12)— S (S1—A12)

This representation is optimal

@ it uses as much memory as standard one;

@ the number of linear operation for Strassen-like multiplications
is minimal.

It's linear: it can be used for general polynomial computations too.
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Conclusions

Matrix-Matrix Multiplication

Time ratio with respect to naive multiplication (2 x 2)

Time percentage
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Matrix Squaring

Time ratio with respect to naive squaring (2 x 2)

‘ naive multiplc‘ation
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Current implementations of the new sequence

© MA4RI: for big matrices in GF(2) ;

@ GMP: for 2 x 2 matrices, :

© fastmm library: matrices with float entries :
None of them implement chain product nor any trick for powers,

nevertheless they give some small but measurable improvement
with respect to previous Strassen-Winograd implementations.

Marco Bodrato (0xC1A000B0) Strassen-like Matrix Squaring and Chain Products



Timings
Implementations
Conclusions Final considerations

Conclusions

A new Strassen-like sequence was proposed. It is:
@ symmetric;
@ optimal for plain product (not new);
@ optimal for squaring;
@ optimal for chain products.

Software implementation is as easy as Winograd's variant.
Consider implementing it if you need a variant of Strassen.

Marco Bodrato (0xC1A000B0) Strassen-like Matrix Squaring and Chain Products



Timings
Implementations
Conclusions Final considerations

That's all !

Thank you very much for your kind attention

Questions?
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@ Some more details
o Commutative matrix squaring
@ Winograd's variant
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Commutative matrix squaring

Some more details . . .
Winograd’s variant

Matrix 2 x 2 squaring, exploiting commutativity

The simple formula for 2 x 2 matrices
a b 2_ a’>+bc b(a+d)
c d) ~\c(a+d) d?+bc
It can be generalised obtaining:
3 2 d 3 2 d ey
d squares, d”— d“— 5 products, d°— d“— 5 additions,

but it is fast only for 2 x 2 or 3 x 3 matrices.
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Commutative matrix squaring

Some more details - . 3
Winograd’s variant

Winograd's variant

No symmetry. .. < back to new sequence

S$51=Az1 + A T1=B1> — B11
A (All A12> 5=51 — Au B_ (Bn 512) To=Bx» — T
Ax1 A ) | S3=A11 — Axn Bx1 Bxx) | T3=Bx — B2
S4=A12 — S T4=Bx1 — T»
((P1 = AubBn Ui = P1+ P
P, = A1nBx U = U+ Ps
P; = 5T U3 = U+ P3 C C
Py = ST Ci = P+Pr WC:<C” C12>
Ps = $5T3 C2 = Us+Ps 2l w22
Ps = S4B C1 = UL+ P
\ P = Axly Cn = Us+Ps
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